Abstract. Some computations made about the Riemann Hypothesis and in particular, the verification that zeroes of ζ belong on the critical line and the extension of zero-free region are useful to get better effective estimates of number theory classical functions which are closely linked to ζ zeroes like ψ(x), ϑ(x), π(x) or the k th prime number p k .
Introduction
In many applications it is useful to have explicit error bounds in the prime number theorem. Rosser [18, 19] developed an analytic method which combines a numerical verification of the Riemann hypothesis with a zero-free region and derived explicit estimates for some number theoretical functions. The aim of this paper is to find sharper bounds for the Chebyshev's functions ψ(x), the logarithm of the least common multiple of all integers not exceeding x, and ϑ(x), the product of all primes not exceeding x:
where sum runs over primes p and respectively over powers of primes p α . The Prime Number Theorem could be written as follows:
An equivalent formulation of the above theorem should be: for all ε > 0, there exists x 0 = x 0 (ε) such that |ψ(x) − x| < ε x for x x 0 or |ϑ(x) − x| < ε x for x x 0 .
Under Riemann Hypothesis (RH), Schoenfeld [23] gives interesting results. Without the assumption of the RH, the results are not so accurate and depend on the knowledge about Riemann Zeta function. This article hangs up on some known results: the most important works on effective results have been shown by Rosser & Schoenfeld [20, 21, 23] , Robin [16] & Massias [12] and Costa Pereira [13] .
The proofs for estimates of ψ(x) in [21] are based on the verification of Riemann hypothesis to a given height and an explicit zero-free region for ζ(s) whose form is essentially that the classical one of De la vallée Poussin. Rosser & Schoenfeld have shown that the first 3 502 500 zeros of ζ(s) are on the critical strip. Van de Lune et al [11] have shown that the first 1 500 000 000 zeros are on the critical strip. Recently, Wedeniwski [24] then Gourdon [9] manage to compute zeros in a parallel way and prove that the Riemann Hypothesis is true at least for first 10 13 nontrivial zeros.
This will improve bounds [7] for ψ(x) and ϑ(x) for large values of x. We will prove the following results:
ϑ(x) − x < 1 36 260
x for x > 0, |ϑ(x) − x| 0.2 x ln 2 x for x 3 594 641.
We apply these results on p k , the k th prime, and ϑ(p k ). Let's denote by ln 2 x for ln ln x. The asymptotic expansion of p k is well known; Cesaro [2] then Cipolla [3] expressed it in 1902:
.
A more precise work about this can be find in [17, 22] . The results on p k are:
We use the above results to prove that, for x 396 738, the interval
contains at least one prime. Let's denote by π(x) the number of primes not greater than x. We show that
More precise results on π(x) are also shown:
334 ln 2 x for x 2 953 652 287.
Exact computation of ϑ
From the well-known identity
we have
From some exact values of ψ(x) computed by [5] , we obtain Tables 6.1 & 6.2 (Exact values of ϑ(x))
3. On the difference between ψ and ϑ As ϑ(2 − ) = 0, the summation (2.1) ends:
3.1. Lower Bound.
Proposition 3.1. For x 121, we have
Proof. By Theorem 24 of [20] p.73, (3.1) is verified for 121 x 10 16 . Now by [13] p. 211,
By Theorem 19 of [20] p.72, we have
and we have for x exp(2b),
where ε b can be find in Table 6 .3 (or Table p .358 of [23] ). We verify that
x e 50 by intervals (we use b = 18.42, 20, 22) . For y e 25 , Table 6 .3 gives |ψ(y) − y| < 0.00007789y. Hence we have by Th.13 of [20] , |ϑ(y) − y| |ψ(y) − y| + |ϑ(y) − ψ(y)| < 0.00007789y + 1.43 √ y < 0.00009y
For x > e 50 , we apply the previous result with y = √ x to obtain
Proof. We use (3.2) and Proposition 5.1.
Proof. For x > 0, we have ϑ(x) < 1.000081x by [23] p.360. Hence
For small values, we have (3.2) by direct computation (Maximal value reaches for x=2401).
Useful Bounds
Proof. We deduce (4.1) from π(x) > x ln x (Corollary 1 of [20] ). By Theorem 3 of [20] , we have p k < k(ln k + ln 2 k − 1/2) hence p k < ek ln k for k 2.
5. On the differences between ϑ and identity function Proposition 5.1. ϑ(x) − x < 1 36 260 x for x > 0. Proof. By table 6.4, we have ϑ(x) < x up to 8 · 10
11 . With (3.1) and 8 · 10
We conclude by computing ε 28 0.00002224. 
Specials constants:
6. Some applications on number theory functions 6.1. Estimates of primes.
6.1.1. Estimates of ϑ(p k ). We have an asymptotic development of ϑ(p k ):
whose the first terms by [3] are
by Th. B(v) of [12] .
Proof. Let f β defined by n → n ln n + ln 2 n − 1 + ln 2 n − β ln n .
We want to prove that ϑ(
We have f
We can rewrite (6.2) as
For a ∈ [0.95, 1] and t 22, the function t → (ln t−t ln 1 + ln t−a t
By [6] , we can choose a = a 0 = 1. For k e 100 , the value β = 2.048 satisfies (6.3).
For π( 10 11 ) k e 100 , the value β 0 = 2.094 satisfies (6.3). Hence
. Splitting the interval of k, we use different values of a with adapted values of η 2 . By itering the process, we obtain β = 2.050735 for k k 0 = π (10 11 ). This value of β verifies ϑ(p k0 ) f β (k 0 ).
By same way, we obtain β = 2.038 for k 10 15 .
Proof. Use Lemma 6.5 and Lemma 6.4.
Lemma 6.4. Let two integers k 0 , k and γ > 0 real. Suppose that for k 0 n k,
Proof. Let S a (n) be an upper bound for p n for k 0 n k where S a (n) = n ln n + ln 2 n − 1 + ln 2 n − a ln n . Now, for 2 k 0 k, we write
We need to prove that ln S a (n) f ′ (n).
We have ln S a (n) = ln n + ln 2 n + ln(1 + u(n))
that we can simplify in
We have 1/n + 1/(n ln n) 0.02/ ln 3 n for n 10 5 . We study each parts, denoting ln 2 n by X:
We choose γ such that γ −a−1+1/β = 0. We choose β = u(k0)−ln(1+u(k0)) u 2 (k0)
. With a = 1.95 and k 0 = 178974, we have β = 0.461291475 · · · and γ = 0.78217325 · · · .
Hence
, we obtain
By (4.1), we have
Using the upper bound (6.1) of ϑ(p k ), we have
We use η 2 = 0.05 for x 10 11 .
Proposition 6.6. For k 688 383,
Proof. Use Proposition 6.3 with η 3 = 0.78 of Theorem 5.2 for ln p k > 27. A computer verification concludes the proof.
Proposition 6.7. For k 3,
Proof. Using (6.4), we have
By Proposition 6.2 and η 2 = 0.04913, we conclude the proof.
6.1.3. Smallest Interval containing primes. We already know the result of Schoenfeld [23] showing that, for x 2010759.9, the interval ]x, x + x/16597[ contains at least one prime. We improve this result with the following proposition. You can see also [14] .
Proposition 6.8. For all x 396 738, there exists a prime p such that
This result is better that Rosser & Schoenfeld's one for x e 25.77 . The method used in [14] gives better results (if we compare with the same order of k, i.e. k = 0).
For k = 2, we have n 2 = 0.0195 and According to [23] p. 355,
hence the result is also valid from x 3.8 · 10 6 .
Estimates of function
Proof. We consider the last inequality. Let
ϑ(y)dy y ln 2 y and |ϑ(x) − x| η k x ln k x for x x 0 , we have, for x x 0 ,
for upper bound's function for π(x). Let's write the derivatives of J(x; a) and of M (x; c) with respect to x:
For k = 2, we must choose c (2 
We study the derivatives: we choose k = 3, d = 2 and η 3 (1 − 3/ ln x) < 6 to have J ′ > m ′ . As m(x 0 ; 2) < J(x 0 ; −6) and by direct computation for small values, we obtain π(x) > x ln x 1 + 1 ln x + 2 ln 2 x for x 88 783.
The others inequalities follows: (6.7) ⇒ (6.6) ⇒ (6.5) for large x.
6.3. Estimates of sums over primes. Let γ be Euler's constant (γ ≈ 0.5772157). Proof. By (4.20) of [20] ,
As |ϑ(x) − x| η k x/ ln k x (Theorem 5.2) and
we have the result (6.8)
For k = 2 and η 2 = 0.2, the result is valid for x 3594641. We conclude by computer's check.
Proof. By (4.21) of [20] ,
Theorem 5.2 yields the result for x 3594641 with k = 2. We conclude by computer's check.
6.4. Estimates of products over primes.
Theorem 6.12. For x > 1,
and for x 2 973, e
and for x 2 973,
Proof. By definition of B and (6.8), we have
Take the exponential of both sides to obtain
We use lower bound for S given in [20] p. 87:
Hence, for k = 2, η 2 = 0.2 and x 3 594 641,
We have also
In the same way, as
we obtain the others inequalities since S 0. where the constants satisfy for n · 10
up to 8 · 10 11 . where the constants satisfy for n · 10
ln k p k k ln k + ln 2 k − 1 + ln2 k−b4 ln k up to 8 · 10 11 . up to 8 · 10
11 .
